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Knuth 2 $a,b$ (Algorithm 1) [4].
2 $a,b$ $|a|\geqq|b|$
(Algorithm 2) [4].
Algo itlhm 1 TwoSum Algoriffim 2 FastTwoSum
$|a|\geqq|b|$
$a+b=x+y$ (2)
$|y| \leqq\frac{1}{2}$ ulp $(x)$ (3) $a+b=x+y$
(4)
$|y| \leqq\frac{1}{2}$ ulp $(x)$ (5)
function $[x,y]=$ TwoSum$(a,b)$




Algorithm 1 Algorithm 2 :
$\chi$ $a+b$. $x$ $y=a+b-x$. $y$
Dekker[5]
Algorithm3
$x_{h}$ $\chi_{l}$ $x$ 26 26
$\chi$ $x_{h}$ $x_{l}$
Algorithm 3 Dekker Algoriffim 4
Algorithm 1 Algorithm 4 2 $a,b$
$x$ $y$ 2 $x+y$
(Error-Free Trmformations)
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DD $a_{h},a_{l}\in F$ DD $a$
$a=a_{h}+a_{l}$ (10)








$DD$ $x=x_{h}+x_{l},y=y_{h}+y_{l}$ Algoriffim 5
$|z-(x+y)|\leqq 2^{-104}fl(|x_{h}|+|y_{h}|)$ (13)
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Algorithm 5 Algorithm 6





















$|fl(x_{l}+y_{l})-(x_{l}+y_{l})|\leqq$ eps $(|x_{l}|+|y\downarrow|)\leqq$ eps2 $(|x_{h}|+|y_{h}|)$ (23)
$t_{4}$
$|fl(t_{2}+t_{3})-(t_{2}+t_{3})|\leqq$ eps $(|t_{2}|+|t_{3}|)$ (24)
$|t_{2}|$ , $|i_{3}|$
$|t_{2}|\leqq$ epsfl $(|x_{h}|+|y_{h}|)\leqq$ ( $1+$ eps) eps $(|x_{h}|+|y_{h}|)$ (25)
$|t_{3}|\leqq$ ( $1+$ eps) $(|x_{l}|+|y_{l}|)\leqq$ ( $1+$ eps) eps $(|x_{h}|+|y_{h}|)$ (26)
Algorithm6
$e\leqq eps^{2}(|x_{h}|+|y_{h}|)+2eps^{2}$ ( $1+$ eps) $(|x_{h}|+|y_{h}|)$ (27)
$\leqq eps^{2}$ $(3+2$ eps $)$ $(|x_{h}|+|y_{h}|)$ (28)
fl $(|x_{h}|+|y_{h}|)$
$e\leqq eps^{2}$ $(3+2$ eps $)$ $(|x_{h}|+|y_{h}|)$ (29)
$\leqq eps^{2}$ $(3+2$ eps $)$ ( $1+$ eps)fl $(|x_{h}|+|y_{h}|)$ (30)
$\leqq 2^{-104}fl(|x_{h}|+|y_{h}|)$ (31)
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Hida DD (Algoriffim 7).
Algorithm 7 mul
$z_{h}+z_{l}\simeq(x_{h}+x_{l})\cdot(y_{h}+y_{l})$ (32)








$DD$ $x=x_{h}+x_{l},y=y_{h}+y_{l}$ Algoriffim 7
$|z-x\cdot y|\leqq 2^{-102}|\beta$ $(x_{h} .y_{h})|$ (33)
proof.
Algoriffim 7 Algorithm 8
Algorithm 8mul (Algorith 7)
function $z=$ mul$(x, y)$













$=|t_{1}+t_{6}-(x_{h}\cdot y_{h}+x_{h}\cdot y_{l}+x_{l}\cdot y_{h}+x_{l}\cdot y_{l})|$ (34) (38)
$=|t_{1}+t_{6}-$ $(t_{1}+t_{2}+x_{h} .y_{l}+x_{l}\cdot y_{h}+x_{l}\cdot y_{l})|$ (35) (39)
$=|fl(t_{2}+t_{5})-(t_{2}+t_{5})+t_{5}-(X_{hy_{l}}+x_{l}\cdot y_{h}+x_{l}\cdot y_{l})|$ (40)
$=|fl(t_{2}+t_{5})-(t_{2}+t_{5})+fl(t_{3}+t_{4})-(t_{3}+t_{4})+(t_{3}+t_{4})-(X_{hy_{l}}+x_{l}\cdot y_{h}+x_{l} .y_{l})|$ (41)
$\leqq|fl(t_{2}+t_{5})-(t_{2}+t_{5})|+[fl(t_{3}+t_{4})-(t_{3}+t_{4})|+[fl(x_{h}\cdot y_{l})-x_{h}\cdot y_{l}|$
$+|fl(x_{l}\cdot y_{h})-x_{l}\cdot y_{h}|+|x_{l}\cdot y_{l}|$ (42)
$t_{3},$ $t_{4}$
$|fl(x_{h}\cdot y_{l})-(x_{h}\cdot y_{l})|\leqq$ eps $|x_{h}||y_{l}|\leqq eps^{2}|x_{h}||y_{h}|$ (43)
$|fl(x_{l}\cdot y_{h})-(x_{l}\cdot y_{h})|\leqq$ eps $|x_{l}||y_{h}|\leqq eps^{2}|x_{h}||y_{h}|$ (44)
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$|fl(t_{3}+t_{4})-(t_{3}+t_{4})|\leqq$ eps $(|t_{3}|+|t_{4}|)$ (45)
$|t_{3}|,$ $|t_{4}|$
$|t_{3}|\leqq$ ( $1+$ eps) $|x_{h}||y_{l}|\leqq$ ( $1+$ eps) eps $|x_{h}||y_{h}|$ (46)
$|t_{4}|\leqq$ ( $1+$ eps) $|x_{l}||y_{h}|\leqq$ ( $1+$ eps) eps $|x_{h}||y_{h}|$ (47)
$t_{5}$
$|fl(t_{3}+t_{4})-(t_{3}+t_{4})|\leqq 2$ ( $1+$ eps) $eps^{2}|xh||y_{h}|$ (48)
$t_{6}$
$|fl(t_{2}+t_{5})-(t_{2}+t_{5})|\leqq$ eps $(|i_{2}|+|t_{5}|)$ (49)
$|t_{2}|,$ $|t_{5}|$
$|t_{2}|\leqq$ epsfl $(|x_{h}||y_{h}|)\leqq$ eps ( $1+$ eps) $|x_{h}||y_{h}|$ (50)
$|t_{5}|\leqq$ ( $1+$ eps) $(|t_{3}|+|t_{4}|)\leqq 2(1+$ eps $)^{2}$ eps $|x_{h}||y_{h}|$ (51)
$t_{6}$




$e\leqq eps^{2}|x_{h}||y_{h}|+eps^{2}|x_{h}||y_{h}|+2$ ( $1+$ eps) $eps^{2}|x_{h}||y_{h}|$
$+$ ( $1+$ eps) $(3+2$ eps $)$ $eps^{2}|x_{h}||y_{h}|+eps^{2}|x_{h}||y_{h}|$ (54)
$\leqq$ $(8+7$ eps $+2eps^{2})eps^{2}|x_{h}||y_{h}|$ (55)
fl $(x_{h}\cdot y_{h})$
$e\leqq$ $(8+7$ eps $+2eps^{2})eps^{2}$ ( $1+$ eps)fl $(|x_{h}||y_{h}|)$ (56)
$\leqq$ $(8+15$ eps $+9eps^{2}+2eps^{3})eps^{2}|fl(x_{h}\cdot y_{h})|$ (57)
$\leqq 2^{-102}|fl(x_{h}\cdot y_{h})|$ (58)
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$x=(-1)^{s} \sum_{i=0}^{n-1}m_{i}\cdot 2^{e-i}$ (63)
$s$ $e$ $m_{i}$





$p^{(i)}$ $\iota$ $p_{h}^{(i)},$ $p_{l}^{(i)}\in F$
$|\exp(2^{i})-(p_{h}^{(i)}+p_{l}^{(i)})|\leqq$ eps2 $\exp(2^{i})$ (64)
$\exp(x)\simeq\prod_{i=0}^{n}(p_{h}^{(i)}+p_{l}^{(i)})^{m_{i}}$





function $q=$ muls $(p(0:n-1))$
$q=p(0)$ ;




Algorithm 10 $n\leqq 2^{6}$ :
$|\exp(x)$ -muls $(x)|\leqq(11n-10)$ eps2 $\exp(x)$ . (66)
(63) 1
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